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This paper presents a variational formulation for the analysis of plastic collapse conditions for a class of hardening
materials that accounts for some non-associated ﬂow laws such as the modiﬁed Cam-clay model of soils. In this frame-
work, classical statical and kinematical principles of limit analysis do not hold. The variational principle is formulated
for the general class of materials whose ﬂow equations are derived from a kind of generalized potentials named bipotentials
by de Saxce´.
The plastic collapse phenomenon for hardening materials is considered ﬁrst and formulated as a system of equations. In
particular, the case of the usual modiﬁed Cam-clay model is analyzed. The paper follows with the proposal of a minimi-
zation principle whose solution is then related to the solution of the plastic collapse problem. We demonstrate the use of
this minimum principle in a simple example of triaxial compression of a modiﬁed Cam-clay material. Finally, we discuss
the particular form of the proposed variational formulation for the case of associated plasticity.
 2006 Elsevier Ltd. All rights reserved.
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Structures, machine components or soils may fail by plastic collapse, a phenomenon that occurs under cer-
tain constant loadings and that is characterized by unbounded purely plastic deformation, at least while in the
range of small geometry changes. If the material can be modeled by an associated plastic ﬂow law, it is proven
that collapse loadings are also limit loads (Koiter, 1960; Christiansen, 1996); this justiﬁes the usual formula-
tions and solving procedures of the so called limit analysis (Cohn and Maier, 1977).
The inﬂuence of limited hardening on the phenomenon of plastic collapse has been considered using diﬀer-
ent modeling assumptions; see, for instance: Maier (1973) and Cohn and Maier (1977). Additionally, many0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.11.026
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(Koiter, 1960; Weichert and Maier, 2000), to which collapse analysis is a particular case obtained with a range
of variable loadings reduced to a single load; see, for instance: Polizzotto et al. (1991), Stein et al. (1993),
Pycko and Maier (1995), Hachemi and Weichert (1997) and Nguyen (2003).
In this paper, we propose a variational formulation for the analysis of plastic collapse conditions for a class
of hardening materials that accounts for some non-associated ﬂow laws, with application to the modiﬁed
Cam-clay (MCC) model of soils (Roscoe and Burland, 1968). The common basic deﬁnition of the modiﬁed
Cam-clay model (Wood, 1990; Borja and Lee, 1990; de Borst and Groen et al., 2000; Ulm and Coussy,
2003) assumes that the hardening component of the inelastic ﬂow obeys a non-associated constitutive equa-
tion, more compatible with the observed compaction-hardening and dilatancy-softening behavior. In this con-
text, classical statical and kinematical principles of limit analysis do not hold whenever the ﬂow rules are not
associated.
Modiﬁed Cam-clay constitutive equations are widely used in modeling soil behavior and accompanying
computational experience on incremental analysis is commonly reported (Borja and Lee, 1990; de Borst
and Groen et al., 2000). However, numerical procedures and results concerning direct computation of limit
loads and shakedown safety conditions for the MCC model of soils are not encountered in the literature. This
situation is related to the fact that theoretical formulations focusing limit states in MCC models are rarely
found. In particular, there is a theoretical study on shakedown analysis in hardening plasticity, by Nguyen
(2003), where explicit conditions for two diﬀerent variants of Cam-clay models are formulated.
The materials of the class envisaged here are called implicit standard materials (ISM) by Ge´ry de Saxce´ and
coworkers (de Saxce´, 1995; de Saxce´ and Bousshine, 1998; Bodoville´ and de Saxce´, 2001; Bouby et al., 2006).
Materials in this class share the property that their ﬂow equations are derived, in equivalent direct and inverse
forms, by means of partial subdiﬀerentiation of a kind of generalized potential named bipotential in the ori-
ginal proposal by de Saxce´. The class of implicit standard materials includes the generalized standard mate-
rials (GSM) introduced by Halphen and Nguyen (1975), which only consider associated ﬂow laws.
Diﬀerent generalized approaches have been proposed in the literature for materials whose behavior cannot
be properly represented by associated plasticity, as it is the case for many soils. Among these approaches, the
implicit standard material deﬁnition, based on bipotentials, appears as very convenient from the theoretical
point of view as well as in the computational aspects. A discussion on this topic, focusing metal plasticity,
may be found in Bodoville´ (2001).
The main contribution presented in this paper is the minimization principle MP, formulated in (49), togeth-
er with the theorem (Proposition 1, proved in Section 3.2) that gives a precise mathematical meaning to the
solution of this variational problem with respect to the problem of ﬁnding a plastic collapse solution. This
constitutes a non-standard mixed variational formulation for the plastic collapse analysis. It is a mixed for-
mulation because the set of unknowns includes the stress ﬁeld, the thermodynamic force and the loading
amplifying factor, i.e. the static variables, as well as the kinematic one, namely the velocity distribution. It
is a non-standard variational formulation because Proposition 1 is an equivalence theorem that states a pos-
teriori conditions on the minimizers in order to conclude that a plastic collapse solution have emanated from
solving the optimization problem.
The mixed variational formulation proposed here is distinct from previous contributions in the subject; in
particular, it is diﬀerent to the approach in de Saxce´ and Bousshine (1998). Indeed, de Saxce´ and Bousshine
(1998) propose two variational principles: the ﬁrst one in terms of static variables but with the critical velocity
ﬁeld as a prescribed parameter in the objective functional and the second one in velocities with prescribed col-
lapse stresses. In contrast, as mentioned above, the minimization principle proposed in the present paper treats
all kinematical and statical variables as simultaneous unknowns.
This paper is organized as follows: Section 2 contains the basic deﬁnitions and equations of the Cam-clay
model considered here, including the derivation of the corresponding bipotential, already proposed by de Sax-
ce´ (1995). Section 3 begins with the deﬁnition of the plastic collapse phenomenon for hardening materials and
the formulation of the plastic collapse problem, PC, in terms of a system of equations. Section 3 follows with
the proposal of a minimization principle, MP, whose solution is then related to the solution of the plastic col-
lapse problem. In Section 4 we demonstrate the use of the proposed minimum principle in a simple example of
modiﬁed Cam-clay material where explicit solutions can be obtained. In Section 5 we discuss the particular
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tion of the minimization principle for the general case.
We use the notation: r for stress tensors, e for strain tensors and d for strain rate tensors. Mean and devi-
atoric parts of the stress are denoted byrm :¼ 13trr; S  rdev :¼ r rm1; ð1Þ
where 1 is the identity, tr is the trace operator and dev denotes the deviatoric part of a tensor. Then, the vol-
umetric components of the strain and strain rate are deﬁned asev :¼ tr e; dv :¼ trd: ð2Þ
The stress and strain convention of continuum mechanics is adopted here, so that: compression is negative, a
positive diagonal component of the deformation tensor (i.e. ex, ey or ez) means extension, and positive ev or dv
implies volumetric expansion.
Superscripts e and p identify elastic and plastic parts of strain or strain rates.
2. Modiﬁed Cam-clay model
The widely used modiﬁed Cam-clay (MCC) model (Roscoe and Burland, 1968), an improvement of the ori-
ginal Cam-clay model (Roscoe et al., 1958; Schoﬁeld and Wroth, 1968) for the plastic behavior of soils, is par-
tially determined by the yield function given in the sequel (see e.g. Wood, 1990; Borja and Lee, 1990; de Borst
and Groen et al., 2000; Ulm and Coussy, 2003; de Saxce´, 1995; Hjiaj, 1999; Nguyen, 2003; Ortiz and Pandolﬁ,
2004).
The yield limit is usually introduced as an ellipse in the plane of hydrostatic pressure, p, and shear equiv-
alent stress, q, deﬁned asp :¼ rm ¼ 13trr; q :¼
ﬃﬃ
3
2
q
kSk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3J 2
p
; ð3Þwhere kÆk denotes the Euclidean norm and J 2 is the second invariant of the stress deviator. Then, the modiﬁed
Cam-clay yield function is writtenf ðp; q; qÞ ¼ q2 M2pð2q pÞ; ð4Þ
where M denotes a material constant. The positive material strength parameter q (related to the pre-consol-
idation pressure) equals the radius of the ellipse in the direction of the axis of hydrostatic pressure p. The con-
stantM equals the slope of the critical state line in the plane (p,q), that is, the locus of points where all ellipses,
for any major radius q, have outward normal parallel to the shear axis.
The material parameter M can be related to the friction angle u of the Mohr-Coulomb criterion
s = rntanu (s and rn are shear and normal traction components on the rupture plane) considering the crit-
ical state in triaxial compression, whereM ¼ 6 sinu
3 sinu : ð5ÞParameter M is commonly assumed constant, which implies that predicted friction angles in axisymmetric
compression and extension are diﬀerent (Wood, 1990, p. 178). Moreover, if M is constant the friction angle
depends on the Lode angle.
Then, in terms of generalized stresses R :¼ (r,q), the yield function is
f ðr; qÞ ¼ 3
2
kSk2 þM2rmðrm þ 2qÞ: ð6ÞThe gradients of this yield function, namely:rrf ðr; qÞ ¼ 3Sþ 23M2ðrm þ qÞ1; ð7Þ
rSf ðr; qÞ ¼ 3S; ð8Þ
rrmf ðr; qÞ ¼ 2M2ðrm þ qÞ; ð9Þ
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play an important role in deﬁning the evolution equations.
2.1. Evolution equations and hardening rule
Cam-clay models are usually endowed with the following associative ﬂow rule concerning the ﬁrst pair of
dual variables, which comprises the stress r and the plastic strain rate dp. ThusðdpÞdev ¼ _krSf ¼ 3 _kS; ð11Þ
dpv ¼ _krrmf ¼ 2M2 _kðrm þ qÞ ð12Þwith_kf ¼ _k 3
2
kSk2 þM2rmðrm þ 2qÞ
h i
¼ 0; ð13Þ
f ¼ 3
2
kSk2 þM2rmðrm þ 2qÞ 6 0; ð14Þ
_kP 0: ð15Þ
The above associative ﬂow law is combined with a non-associated hardening evolution equation. This is
because an associative hardening rule should deﬁne, in view of (9) and (10), a kinematical internal vari-
able, energetically dual of q, diﬀerent to the volumetric plastic strain. The assumption that the hardening
evolution depends exclusively on the volumetric strain is an essential feature of this model. Further, this
assumption leads to the necessity of introducing: (i) a state equation relating the variable hardening
strength q and the volumetric plastic strain epv and (ii) a non-associated complement of the ﬂux equations
(11) and (12).
The hardening relations described in the sequel are often adopted, as in Borja and Lee (1990, p. 50), Hjiaj
(1999, p. 61), de Borst and Groen et al. (2000, p. 33), Vaunat et al. (2000, p. 126) and Ulm and Coussy (2003,
p. 293).
(1) State equation for hardening – Motivated by experimental measurements in isotropic compression, it is
ﬁrst proposed the following relation between hydrostatic components_q ¼ kqdpv ð16Þ
withk ¼ 1
~k ~j ; ð17Þwhere ~k is the virgin compression index and ~j is the swell-recompression index. These material constants
correspond to the bilogarithmic interpolations, proposed by Hashiguchi and Ueno (1977) and Butterﬁeld
(1979), for the relation between the speciﬁc volume V and the hydrostatic pressure p in isotropic loading,
namely: lnV ¼ N  ~k lnðp=prefÞ for isotropic virgin compression and lnV ¼ lnV0  ~j lnðp=p0Þ for isotropic
unloading/reloading, where N is a material constant and pref, V0 and p0 are reference values (Wood, 1990).
Integration of (16) leads to the following state equation:q ¼ q0 exp½kðepv  epv0Þ ð18Þ
which relates the statical and kinematical hardening variables of the model.
In the original Cam-clay and MCC models it is adopted a V  ln p interpolation instead of the bilogarith-
mic law. Then, using the parameters ~k and ~j identiﬁed in this way, the coeﬃcient k in (16) must be substi-
tuted by k ¼ V=ð~k  ~jÞ and (18) is only valid as an approximation (Borja and Lee, 1990).
(2) Flux equation for hardening – It is convenient now to formally identify the kinematical internal variable
by an independent symbol, b, and then deﬁne a suitable hardening potential in order to enforce that this inter-
nal variable coincides with epv. This is accomplished by assuming the following non-associated hardening
potential
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so that the potential relation _b ¼ _krqg gives rise to the following evolution equation for the hardening
variables_b ¼ 2M2 _kðrm þ qÞ: ð20Þ
Thus, using (12), we conclude thatb ¼ epv : ð21Þ
The second law of thermodynamics is written in the present framework asdint ¼ r  dp þ q _bP 0: ð22Þ
This can be veriﬁed by using (11), (12), (20) and (13) to obtain dint ¼ 2M2 _kq2. Hence, the present model is
thermodynamically consistent.
2.2. A generalized dissipation potential for modiﬁed Cam-clay
The modiﬁed Cam-clay model described above is not a generalized standard material (GSM) in the sense of
Nguyen (2000) since this model adopts a non-associated hardening evolution equation.
Two diﬀerent versions of modiﬁed Cam-clay models are studied in Nguyen (2003) that are generalized
standard materials, but they are also diﬀerent from the proposals most often encountered in the
literature.
However, it is possible to deﬁne, for the model described herein, a generalized potential of dissipation that
belongs to the class of bipotentials extensively studied by de Saxce´ and coworkers (see for instance: de Saxce´,
1995; de Saxce´ and Bousshine, 1998; Bodoville´ and de Saxce´, 2001). Indeed, a bipotential for this type of Cam-
clay material was given in de Saxce´ (1995) (see also Hjiaj, 1999, p. 65) and it is considered in the following. We
refer to Appendix A for the basic concepts of a general constitutive relation derived from a bipotential.
Consider now the plastic admissibility domain of the generalized stress (r,q) deﬁned byP ¼ fðr; qÞ j f ðr; qÞ 6 0g; ð23Þ
where f is given by (6).
We denote the indicator function of the set P by I P ðr; qÞ and recall that this function equals 0 if (r,q) 2 P,
and +1 otherwise. The subdiﬀerential set oI P ðr; qÞ contains all the outward normals to the boundary of P at
(r,q) (see for instance: Maugin, 1992, p. 285; Nguyen, 2000, p. 48; de Saxce´ and Bousshine, 1998, p. 397).
Since in this model the yield limit function f is diﬀerentiable, there is only one normal at each point of the yield
surface. Thus, for any _kP 0, we have thatð _krrf ; _krqf Þ 2 oI P ðr; qÞ: ð24Þ
The ﬁrst component, _krrf , of the normal above is in fact the plastic ﬂux component, dp, in view of (11) and
(12).
However, the second component of the associated ﬂow in (24), namely _krqf , is not coincident with the
adopted internal ﬂow _b. Hence, we must now proceed to obtain the expression _krqf in terms of the ﬂow com-
ponents _b and dp. This is considered in the sequel.
Let us introduce the following two dual norms for second order tensors (Horn and Johnson, 1985, p. 275)
associated to the modiﬁed Cam-clay modelkdk :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
kddevk2 þ 1
M2
ðtrdÞ2
r
; ð25Þ
krk :¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3
2
krdevk2 þM2r2m
q
: ð26ÞTo prove that these are in fact dual norms is cumbersome but straightforward.
Using the deﬁnitions above we deduce the following consequence of the ﬂow laws (11) and (12)
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Likewise, the admissibility condition f 6 0 emanating from (6) can be cast in the formkrþ q1k 6 Mq: ð28Þ
Further, the complementarity condition _kf ¼ 0 given by (13) can be written as_kkrþ q1k ¼ M _kq: ð29Þ
We conclude now, from (27) and (29), that a plastic strain rate complying with the ﬂow rule also satisﬁes the
following:kdpk ¼ 2M _kq: ð30Þ
Next, we use (10) and (20), to get_krqf ¼ 2M2 _krm ¼ _b 2M2 _kq ð31Þ
and then (30) and (31) so as to obtain_krqf ¼ _bMkdpk: ð32Þ
This is introduced in (24) and we arrive to the following form for the set of ﬂow equations 11, 12, 13, 14, 15
and (20)ðdp; _bÞ 2 ð0;MkdpkÞ þ oI P ðr; qÞ; ð33Þ
dpv ¼ _b: ð34ÞThe following indicator function is introduced now in order to enforce (34) in a potential relation.IKðdp; _bÞ ¼ 0 if d
p
v ¼ _b;
þ1 otherwise:
(
ð35ÞWe are now able to identify in the set comprising (33) and (34) the following subdiﬀerential inclusionðdp; _bÞ 2 oðr;qÞbðr; q; dp; _bÞ; ð36Þ
where the bipotential of dissipation isbðr; q; dp; _bÞ :¼ Mqkdpk þ I P ðr; qÞ þ IKðdp; _bÞ ð37Þ
orbðr; q; dp; _bÞ ¼ Mq
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
3
kðdpÞdevk2 þ 1
M2
ðdpvÞ2
q
if dpv ¼ _b and f ðr; qÞ 6 0;
þ1 otherwise:
(
ð38ÞThis proves that the ﬂow equations of the MCC material can be presented as the subdiﬀerential inclusion
(A.5). Then, in order to justify using the equivalence between the forms (A.4), (A.5) and (A.6) of the consti-
tutive relations (11)–(15), it is necessary to prove that the function given by (37) is in fact a bipotential, that is,
complies with (A.3). This is proven in de Saxce´ (1995, p. 5) and Hjiaj (1999, p. 65); see also Appendix B.
The results of this section, concerning a generalized potential of dissipation for modiﬁed Cam-clay mate-
rials, are used next in obtaining a new variational formulation for plastic collapse.
3. Plastic collapse and generalized potentials
3.1. Plastic collapse characterization
Elastic–plastic bodies or structures may loose stability under a constant system of loads in a class of cat-
astrophic process where a constant distribution of stresses exists while the body undergoes unbounded purely
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studied in a reference conﬁguration. Finite changes in the conﬁguration necessarily occur when this plastic ﬂux
takes place. In turn, these changes may have favorable or unfavorable eﬀects in the stability of the equilibrium.
In classical associative plasticity, plastic collapse is the subject of a well founded theory known as limit anal-
ysis. The name limit analysis comes from the fact that it is proven for associative plasticity that the load producing
plastic collapse is the maximum load that the body can sustain in equilibrium. It is also well known that for non-
associated plastic behavior these two concepts, namely: plastic collapse and limit load, are not necessarily linked.
Let us introduce now some additional notation: The symbol D denotes the linear deformation operator
mapping velocities (displacements) into compatible strain rates (respectively strains). The internal power asso-
ciated with a stress ﬁeld r and a velocity distribution w is denotedhr;Dwi ¼
Z
B
r DwdB: ð39ÞLikewise, the external power associated with a load system F ishF;wi ¼
Z
B
b  wdB þ
Z
Cu
s  wdC; ð40Þwhere b and s are volume and surface load densities, C denotes area and Cu is part of the boundary where null
displacements are prescribed. Accordingly, the set of stress ﬁelds in equilibrium with a given load system F is
deﬁned asSðFÞ ¼ fr j hr;Dwi ¼ hF;wi 8wg; ð41Þ
where the virtual velocityw varies in the linear space of admissible velocities.Displacement constraints are homo-
geneous, corresponding to ﬁxed bilateral supports and the boundary of the body is assumed suﬃciently smooth.
We consider in the following the equations governing the plastic collapse phenomenon in a body whose
hardening behavior is described by means of an internal variable. This general framework includes bipotential
models and, in particular, Cam-clay materials as deﬁned here.
When the bodyundergoes plastic collapse the stress and the internal thermodynamical forces remain constant.
In view of the elastic state equations, a constant stress ﬁeld induces an elastic deformation distribution that is also
constant in time. This, in turn, means that the strain rate ﬁeld is at the same time compatible and purely plastic.
Likewise, according to the state equation relative to internal variables, internal hardening forces being con-
stant during plastic collapse implies that the kinematical internal variables also remain constant, that is, _b ¼ 0
at all points in the body.
The description of plastic collapse given above is implemented in the sequel to formulate the set of relations
deﬁning the critical loading producing plastic collapse. In particular, the computation of the critical factor a
that ampliﬁes a prescribed load system F so as to produce unbounded purely plastic deformation, when super-
posed to a ﬁxed (non-ampliﬁed) load F0, can be formulated as follows.
PC – The plastic collapse problem. Find (a,r,q,v) such thatr 2 SðF0 þ aFÞ; ð42Þ
hF; vi ¼ 1; ð43Þ
bðr; q;Dv; 0Þ ¼ r Dv in B; ð44Þ
aP 0: ð45ÞThe normalization condition provided with (43) selects one canonical collapse velocity distribution represent-
ing one class of mutually proportional collapse velocity ﬁelds. It is not essential in the description or charac-
terization of collapse but convenient to the purpose of obtaining simple variational formulations.
In addition to the general conditions for plastic collapse introduced so far, MCC materials also obey some
particular equations that we consider in the sequel.
For MCC materials, the fact that the internal variable rate _b is zero implies, according to (12) and (20), thatdpv ¼ 0: ð46Þ
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condition of plastic collapse under constant volume deformation is known in soil mechanics as a critical state.
Furthermore, from the condition _b ¼ 0 and the evolution Eq. (20) we get
q ¼ rm if _k > 0: ð47ÞNotice that this relation only applies to material points having eﬀective plastic deformation during collapse.
Finally, we introduce the additional constraint (46) in the bipotential, to conclude that for modiﬁed Cam-
clay materials undergoing plastic collapsebðr; q;Dv; 0Þ ¼
ﬃﬃ
2
3
q
MqkDvk if trDv ¼ 0 and f ðr; qÞ 6 0;
þ1 otherwise:
(
ð48Þ3.2. A minimum principle for plastic collapse
In this section we ﬁrst formulate the minimization problem MP, in (49), and afterward we state and prove
Proposition 1 that speciﬁes what conclusions about the plastic collapse problem PC can be drawn from the
solution of the optimization problem MP.
Let b :¼ R
B
bdB. Then
MP – A minimum principle ¼ inf
a;r;q;v
fbðr; q;Dv; 0Þ  hF0; vi  a j r 2 SðF0 þ aFÞ; hF; vi ¼ 1; aP 0g: ð49ÞLemma. The infimum of the minimum principle MP is finite and nonnegative if the feasible set is nonempty,
otherwise it is +1.Proof. By deﬁnition of bipotential, it holds for any arbitrary set (r*,q*,v*) that bðr; q;Dv; 0ÞP r Dv in
B, thusbðr;q;Dv; 0Þ  hF0; vi  a P hr;Dvi  hF0; vi  a: ð50Þ
Then, we enforce v* to satisfy the constraint hF,v*i = 1 and also enforce (a*,r*) to fulﬁll the constraints
r 2 SðF0 þ aFÞ and a*P 0. This implies that hr;Dvi  hF0; vi  a ¼ hr;Dvi  hF0; vi  ahF; vi ¼ 0.
Then, the inequality above readsbðr;q;Dv; 0Þ  hF0; vi  a P 0 ð51Þ
for any arbitrary set (a*,r*,q*, v*) complying with all the constraints in MP, if any. So, the objective function is
nonnegative in the feasible domain; thus, the inﬁmum exists and it is ﬁnite and nonnegative provided the fea-
sible domain is nonempty. Otherwise, the inﬁmum is +1 by deﬁnition. hProposition 1. The plastic collapse problem PC and the minimum principle MP are related by the following
implications:
(1) If there exists a solution (a,r,q,v) of PC, then this set is a minimizer for MP and corresponds to  = 0.
(2) If MP has a minimizer (a,r,q,v) such that  = 0, then this set is a solution for PC.Proof.
(1) A collapse solution satisﬁes (42), hence hr;Dvi ¼ hF0 þ aF; vi. Then, by using (43) and (44), we get
bðr;q;Dv; 0Þ  hF0; vi  a ¼ 0: ð52Þ
Combining (52) and (51) we complete the proof of item (1).
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This minimizer satisﬁes (42), (43) and (45) because these equations are also constraints in MP. So, there
is only (44) to be proven.
It follows from  = 0 that bðr; q;Dv; 0Þ ¼ hF0; vi þ a. But, v satisﬁes the constraint hF,vi = 1 and (a,r)
satisﬁes r 2 SðF0 þ aFÞ; hence bðr; q;Dv; 0Þ ¼ hF0; vi þ ahF; vi ¼ hr;Dvi. This is (44) and thus completes
the proof of the proposition. h
Although we used in the statement of Proposition 1 the notation for internal variables previously intro-
duced for the modiﬁed Cam-clay model, we emphasize that this proposition is valid in general for any material
that admits a bipotential to derive the evolution equations. It is worth mentioning that MP is a non-convex
minimization principle in the general scope of associated and non-associated hardening laws. The relation
between this variational formulation and classic limit analysis formulations is discussed in Section 5 and also
in Section 6.
In particular, for modiﬁed Cam-clay materials the minimization principle MP takes the following form: ¼infa;r;q;v
Z
B
ﬃﬃ
2
3
q
MqkDvkdB

 hF0; vi  a j r 2 SðF0 þ aFÞ; hF; vi ¼ 1;
aP 0; trDv ¼ 0 inB; 3
2
kSk2 þM2rmðrm þ 2qÞ 6 0 in B
o
:
ð53ÞThe proposition presented above indicates that it is worth to solve the minimization problem MP, either in
closed form or by means of numerical methods, because many important questions about the collapse prob-
lem can be answered in this manner.
4. Triaxial compression tests
This section is aimed to demonstrate the use of the proposed minimum principle in a simple situ-
ation where explicit solutions can be obtained and some general features of the problem may be
envisaged.
We consider now a general triaxial compression test that includes as a particular case the classical triaxial
compression test for drained soils described, for instance, in Lubliner (1990, pp. 71, 72 and 97) and de Borst
and Groen et al. (2000, p. 34).
The triaxial compression test of a cylinder produces homogeneous states of stress and strain that comply
with symmetry of revolution, so that rrh = rrz = rhz = 0, rr = rh, drh = drz = dhz = 0, and dr = dh (r, h and z
are cylindrical coordinates). The material is submitted to a conﬁning pressure that is assumed here composed
by a ﬁxed part, p0, and an additional term, ap, increasing together with the active loads. The usual compres-
sion test for soils is performed under constant conﬁning pressure, so that it is obtained here by setting p to
zero. The experiment consists in increasing the axial compressive loading on the cylinder until it is observed
unlimited yielding under constant load. In the present notation the stress is related to the load factor a by the
following equilibrium equations:rz ¼ p0  aðp þ qÞ rr ¼ rh ¼ p0  ap; ð54Þ
where p0, p and q are given positive loading parameters.
There are only two meaningful stress variables in this situation, thus we can formulate the problem directly
in terms of p and q and afterwards compute all the required unknowns. To this end we choose the following
form of the equilibrium equations (54):p ¼ p0 þ a p þ 13q
 
; q ¼ aq; ð55Þ
and use rz ¼ p  23 q and rr ¼ rh ¼ p þ 13 q as subsidiary equations.
We consider in the sequel the form (53) of the minimum principle.
The constraint trd = 0 impose that dr ¼ dh ¼  12 dz, due to homogeneity and symmetry conditions. Thusﬃﬃ
2
3
q
kdk ¼ jdzj.
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wise hF0,vi = 0 in this case.
Consequently, the minimum principle (53) reads here, with reference to an arbitrary unit volume, as
follows: ¼ inf
a;p;q;q;dz
Mqjdzj  a j p ¼ p0 þ a p þ 13q
 
; q ¼ aq; aP 0; q2 6 M2pð2q pÞ;qdz ¼ 1
 
: ð56ÞThis problem can be simpliﬁed by computing the variable q, in terms of p, by using the equilibrium con-
straints; this givesq ¼ mðp  p0Þ ð57Þ
withm :¼ 3q
qþ 3p : ð58ÞWe also eliminate dz using the last constraint and a using the second one and (57). Thenq ¼ inf
p;q
fMq mðp  p0Þ j m2ðp  p0Þ2 6 M2pð2q pÞ; p P p0g: ð59ÞIt is clear now that the ﬁrst constraint in the formulation above must be active at the solution. Indeed, if the
objective function is computed for an arbitrary set of values of the variables the result can always be de-
creased, by reducing the value of q, provided that the ﬁrst constraint is not active. This remark leads to
our ﬁnal transformation of the optimization problem consisting in using the second constraint to eliminate
q. To this end we deﬁnep :¼ p
p0
; . :¼ q
p0
; n :¼ m
M
¼ 3q
Mðqþ 3pÞ ð60Þand then substitute. ¼ n
2ðp 1Þ2 þ p2
2p
ð61Þin the above formulation, so as to obtain^ :¼ q
Mp0
 ¼ inf
p
n2ðp 1Þ2 þ p2
2p
 nðp 1Þ j pP 1
( )
: ð62ÞEquivalently^ :¼ q
Mp0
 ¼ inf
p
½n ðn 1Þp2
2p
j pP 1
( )
: ð63ÞThis form of the problem can be easily solved. The objective function and its derivative aregðpÞ :¼ ½n ðn 1Þp
2
2p
; g0ðpÞ :¼ ðn 1Þ
2p2  n2
2p2
: ð64ÞThe solution of this optimization problem depends on the prescribed values of the loading parameters p0, p
and q and the material constant M.
We present in the sequel explicit solutions of the optimization problem for several cases characterized by
diﬀerent ranges of the loading parameters (Fig. 1). Afterwards, we also demonstrate the direct solution of
the original set of relations identifying plastic collapse, which is represented in Fig. 2. Finally, the incremental
analysis approach is also considered, see Figs. 3 and 4.
In the following discussion we assume that M < 3.
(1) If m >M (n > 1), that is p 6 3M
3M q:
Fig. 2. The collapse factor, a, for triaxial compression tests, is obtained by intersecting the equilibrium line q = m(p  p0) with the critical
state line q =Mp.
Fig. 1. Nondimensional minimum value ^ ¼ qMp0  versus the nondimensional loading index n :¼ mM ¼
3q
Mðqþ3pÞ for triaxial compression tests
with rz ¼ p0  aðp þ qÞ and rr ¼ rh ¼ p0  ap.
Fig. 3. Triaxial compression test of a normally compressed (or lightly overconsolidated) MCC soil. The smaller ellipse is the initial yield
surface. Path ab is elastic, bc is elastoplastic and c is the critical state.
Fig. 4. Triaxial compression test of a heavily overconsolidated MCC soil. The larger ellipse is the initial yield surface. Path ab is elastic, bc
is elastoplastic and c is the critical state.
4392 N. Zouain et al. / International Journal of Solids and Structures 44 (2007) 4382–4398There is only one feasible local minimum of the objective function, with vanishing derivative, that is
attained atp ¼ n
n 1 ¼
m
mM > 1: ð65Þ
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The complete solution is then ¼ 0; q ¼ p ¼ m
mM p0; q ¼
mM
mM p0; a ¼
mMp0
qðmMÞ ð66Þwith m ¼ 3q=ðqþ 3pÞ.
In this case, according to the proposition proven above, the material undergoes plastic collapse. The col-
lapse stresses arerr ¼ rh ¼ mð3MÞ
3ðmMÞ p0; rz ¼ 
mð3þ 2MÞ
3ðmMÞ p0: ð67ÞIn particular, for the classical triaxial compression test, where the conﬁning pressure is sustained constant, i.e.
equal to p0 (thus p ¼ 0 and m = 3), this solution givesq ¼ p ¼ 3
3M p0; q ¼
3M
3M p0; rz ¼ 
3þ 2M
3M p0: ð68Þ(2) If m =M (n = 1), that is p ¼ 3M
3M q:
The inﬁmum is ¼ 0 ð69Þ
but it is not attained at any ﬁnite values of the variables. In fact, the objective function is, in this case,
gðpÞ :¼ 1
2p, which is strictly positive for p > 1 and tends to zero for p!1.
Therefore, no plastic collapse can occur in this case.
(3) If 1
2
M 6 m < Mð1
2
6 n < 1Þ:
Also in this case there is only one feasible local minimum of the objective function, with vanishing deriv-
ative, that is now given byp ¼ n
1 n ¼
m
M  mP 1: ð70ÞDiﬀerent from the ﬁrst case (where n > 1) the value of the objective function g n
1n
  ¼ 2nð1 nÞ is strictly po-
sitive at this minimizer.
The complete solution is ¼ 2mðM  mÞp0
Mq
; p ¼ m
M  mp0; q ¼
mð2mMÞ
M  m p0; ð71Þ
q ¼ mð2m
2 þM2  2mMÞ
M2ðM  mÞ p0; a ¼
mð2mMÞp0
qðM  mÞ : ð72ÞAs  is strictly positive, there is no plastic collapse in this case.
(4) If 0 < m 6 1
2
M ð0 < n 6 1
2
Þ:
Now the objective function is monotonically increasing in the feasible domain given by pP 1. Thus, the
minimum is attained at p = 1 (a minimizer at the boundary, with non-vanishing derivative) and the solution
is ¼ Mp0
2q
; p ¼ p0; q ¼ 0; q ¼ 12p0; a ¼ 0: ð73ÞCollapse is also impossible in this case.
The above discussion is exclusively based on Proposition 1. It serves to demonstrate the present proposals
in a simple problem with known results. Indeed, the collapse solution can be obtained by direct solution of the
system of equations comprised by (55), leading to q = m(p  p0), and q =Mp, under the constraint pP p0.
This is depicted in Fig. 2, which shows that m 6M implies that there is no feasible intersection of the critical
state line with the locus of equilibrated stresses. Thus, for m 6M there is no plastic collapse as concluded in
our previous discussion.
4394 N. Zouain et al. / International Journal of Solids and Structures 44 (2007) 4382–4398Additionally, we show in Figs. 3 and 4 the solution of the plastic collapse problem, for triaxial compression,
by the approach of following the incremental elastoplastic evolution produced by a displacement driven load-
ing program (de Borst and Groen et al., 2000, p. 34).
Moreover, the case of proportional loading of the overconsolidated MCC soil shown in Fig. 4 constitutes a
counter-example proving that the assertion that maximum load and collapse load are always coincident can-
not be true for modiﬁed Cam-clay materials.
5. The minimization principle in associated plasticity
In this section we restrict ourselves to consider associated elastic–plastic materials with internal variables,
representing hardening, included in the framework of generalized standard materials (Nguyen, 2000; Lemaitre
and Chaboche, 1990). This may be viewed as a particular class of constitutive equations amenable to be rep-
resented by a bipotential and hence also included in the ﬁeld of application of the proposed minimum principle
MP for plastic collapse.
The aim of this section is to analyze the particular form of the principle MP for the case of associated plas-
ticity with hardening. To this end, let us consider a material with the following plastic admissibility domain:P ¼ fðr;AÞ j f ðr;AÞ 6 0g; ð74Þ
where A is a list of thermodynamic forces associated to hardening mechanisms and f is the yield function of the
material. Accordingly, the dissipation potential is deﬁned asDðdp; _bÞ :¼ sup
ðr;AÞ2P
ðr  dp þ A  _bÞ; ð75Þwhere _b denotes (in this section) the list of internal ﬂuxes corresponding by duality to the internal forces A.
Then, the associative constitutive equations relating inelastic ﬂuxes and internal forces areðdp; _bÞ 2 oI P ðr;AÞ () ðr;AÞ 2 oDðdp; _bÞ; ð76Þ
where the symbol o denotes subdiﬀerential and the indicator function I P ðr;AÞ equals 0 if (r,A) 2 P, or +1
otherwise.
In terms of the plastic function, this constitutive relationship is expressed by the systemðdp; _bÞ ¼ _krf ðr;AÞ; ð77Þ
_kf ðr;AÞ ¼ 0 f ðr;AÞ 6 0 _kP 0: ð78ÞNotice that (77) may also be written asdp ¼ _krrf ðr;AÞ _b ¼ _krAf ðr;AÞ: ð79Þ
Up to now, we recalled the usual presentation of generalized standard materials. Next, we consider the form of
the bipotential corresponding to these class of materials. This isbðr;A; dp; _bÞ :¼ Dðdp; _bÞ þ I P ðr;AÞ ð80Þ
because the function above is separately convex in (r,A) and ðdp; _bÞ, and it also complies with the following
condition:bðr;A; dp; _bÞP r  dp þ A  _b 8 ðr;A; dp; _bÞ: ð81Þ
In fact, (i) for (r,A) 62 P the left hand side member of the (81) is +1 while the right side one is ﬁnite, and (ii)
for (r,A) 2 P we have bðr;A; dp; _bÞ ¼ Dðdp; _bÞ that is not lesser than any virtual dissipated power, for admis-
sible internal forces, by the deﬁnition of the dissipation potential D.
Then, the form of the minimization principle MP for generalized standard materials is obtained introducing
(80) in (49). This gives ¼ inf
a;r;A;v
fDðDv; 0Þ  hF0; vi  a j r 2 SðF0 þ aFÞ; ðr;AÞ 2 P; hF; vi ¼ 1; aP 0g; ð82Þ
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The optimization problem above can be separated as follows: ¼ U L ð83Þ
withU :¼2 fvfDðDv; 0Þ  hF0; vi j hF; vi ¼ 1g; ð84Þ
L :¼ supa;r;Afa j r 2 SðF0 þ aFÞ; ðr;AÞ 2 P; aP 0g: ð85ÞWe recognize in (84) and (85) the kinematical and statical formulations of limit analysis. These are dual opti-
mization problems representing the limit analysis problem, which in this case coincides with the plastic col-
lapse problem under some conditions on the functional spaces describing the mechanical system. Dual
optimization problems are the subject of minimax theory in convex analysis (see e.g. Hiriart-Urruty and Lem-
arTchal, 1993, p. 327) where two basic results are called the weak and the strong duality theorems. The weak
duality theorem, proven under mild hypotheses, when applied to the present situation, ensures thatUP L: ð86Þ
Strong duality demands more stringent conditions so as to prove that there existsU ¼ L ð87Þ
and also that this number is a saddle value of the Lagrangian. If, in addition, there is a saddle point (a,r,A,v)
then this set of variables also solves the optimality conditions shared by the primal and dual formulations:r 2 SðF0 þ aFÞ; ð88Þ
hF; vi ¼ 1; ð89Þ
ðr;AÞ 2 oDðDv; 0Þ in B; ð90Þ
aP 0: ð91ÞThese are the classical relations characterizing plastic collapse for standard associated materials.
In summary, for the general GSM model of associated plasticity the minimum value  of the variational
principle MP has the meaning of the duality gap U  L in classical limit analysis. The Lemma following (49)
states the general condition that the duality gap is never negative.
Restricted to the case of GSM, Proposition 1 reproduces the known condition that a null duality gap,
attained for a set of ﬁnite values of the unknowns, is associated to the existence of a plastic collapse solution.
Notice that this proposition is not an existence theorem for the collapse solution, that can only be produced by
specifying additional conditions to the formal structure used in constructing the variational approach of Prop-
osition 1. In fact, the proposition deals with conclusions that are derived once the solution of the minimization
is known. A general duality theorem of limit analysis, in standard associated plasticity (with additional restric-
tions), is given by Christiansen (1996, p. 221); see also Fremond and Friaa (1982) and Kamenjarzh (1996).
6. Conclusions
We considered the analysis of plastic collapse conditions in two levels: (i) the class of implicit standard
materials, having evolution equations derived from a bipotential and including part of the class of non-asso-
ciated hardening materials and (ii) the particular modiﬁed Cam-clay model of soil mechanics that pertains to
both of the aforementioned classes.
The main theoretical result in this paper, Proposition 1, applies to the whole class of implicit standard mate-
rials. In summary, this theorem states that solving the minimum principle MP, given by (49), allows the fol-
lowing conclusions on the plastic collapse problem: if there exists a minimizer for MP, (a,r,q,v), with
minimum value,  , equal to zero then this load factor a leads to collapse and (r,q,v) are critical solutions,
otherwise collapse is impossible.
In this sense, the optimization problem MP is a variational formulation for plastic collapse analysis. It has
the form of a mixed variational principle because the list of unknowns gather the statical variables, a, r and q,
4396 N. Zouain et al. / International Journal of Solids and Structures 44 (2007) 4382–4398and the kinematical one, v. This variational formulation is then suitable to spatial discretization by the ﬁnite
element method. Moreover, mixed ﬁnite element interpolations are natural in this approach, see e.g. Christian-
sen (1996), Borges et al. (2001) and Khenous et al. (2006).
The variational principle MP has a convex feasible domain but the objective function, that basically inherits
the properties of the bipotential, is only separately convex in the subsets of static variables (r,q,v) and kine-
matical variable v. Considering the whole set of variables, the objective function is: (i) convex in associated
plasticity, because it is separable in statical and kinematical terms, and (ii) non-convex for modiﬁed Cam-clay
and the non-associated Drucker-Prager model, at least (see e.g. de Saxce´ and Bousshine, 1998; Hjiaj, 1999. So,
we may predict that the variational formulation proposed here poses a non-convex optimization problem in
the general case of non-associated plasticity. This situation reﬂects the complexity introduced by the non-as-
sociated hardening law.
The study of triaxial compression in Section 4 demonstrates the application of the present formulation. In
particular, we notice in this very simple system that the restriction of the objective function of MP to the
admissible domain is in fact convex (strictly convex, except in one case). Thus, the collapse factor obtained
is unique; a very important result. Although this cannot be easily generalized to more complex structures,
it suggests ﬁnding out which additional conditions, if any, can guaranty convexity in the set deﬁned by the
constraints.
A diﬀerent variational approach to compute limit states with implicit standard materials is proposed by de
Saxce´ and Bousshine (1998). They deﬁne an upper bound problem, in the stress variable (r), that contains the
velocity of the limit state, and a lower bound problem, in velocities (v), that contains the stress of the limit
state. A limit state, (v,r) and the associated multiplier are simultaneously solutions of the coupled lower
and upper bound problems (de Saxce´ and Bousshine, 1998, p. 397).
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Appendix A. Bipotentials and implicit standard materials
For convenience, we deﬁne generalized stress and strain rate as follows:R :¼ ðr; qÞ Dp :¼ ðdp; _bÞ ðA:1Þ
with scalar productR Dp ¼ r  dp þ q _b ðA:2Þ
meaning dissipated power.
A function b(R,Dp), with values in [1,1], is said to be a bipotential if it is separately convex with respect
to R and Dp and satisﬁes the following condition:bðR;DpÞP R Dp 8ðR;DpÞ: ðA:3Þ
For a function b(R,Dp) complying with the above deﬁnition, it is proven that any pair (R,Dp) satisfying one of
the three conditions below will also satisfy the remaining two conditions:bðR;DpÞ ¼ R Dp; ðA:4Þ
Dp 2 oRbðR;DpÞ; ðA:5Þ
R 2 oDpbðR;DpÞ: ðA:6ÞWe are using in (A.5) the notation oR b(R,D
p) for the partial subdiﬀerential of b with respect to R. This is, by
deﬁnition, the set of all Dp such thatbðR;DpÞ  bðR;DpÞP ðR  RÞ Dp 8R: ðA:7Þ
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by deﬁnition.
Consequently, a bipotential deﬁnes a relation between generalized stress and strain rates in the following
manner. A pair (R,Dp) is associated by this relation if, and only if, it satisﬁes the conditions (A.4), (A.5),
(A.6), (A.7), (A.8).
The evolution equations (A.5) and (A.6) are implicit in the conventional sense that, for instance, (A.5)
determines Dp in terms of R but only as the solution of an equation rather than an explicit expression.
Implicit standard materials (ISM) are characterized by evolution equations of this particular kind.
Appendix B. The function given in (37) is a bipotential
The function deﬁned in (37) is a bipotential because it is separately convex and it satisﬁes the variational
inequality (A.3). The convexity is evident, then it suﬃces to prove the following variational condition:Mqkdpk þ I P ðr; qÞ þ IKðdp; _bÞP r  dp þ q _b 8 ðr; q; dp; _bÞ: ðB:1Þ
The proof below essentially follows de Saxce´ (1995) and Hjiaj (1999, p. 65).
Proof. By virtue of the deﬁnitions of the indicator functions above, and using (28), proving condition (B.1) is
equivalent to prove the following:Mqkdpk P rþ q1ð Þ  dp 8 ðr; q; dpÞ j krþ q1k 6 Mq: ðB:2ÞWe use now a generalized Cauchy-Schwartz inequality (Horn and Johnson, 1985, p. 276) for the dual norms
(25) and (26), and the constraint condition in (B.2), in order to obtainrþ q1ð Þ  dp 6 krþ q1kkdpk 6 Mqkdpk: ðB:3Þ
This completes the proof. hReferences
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